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A NOTE ON SINGULARITIES IN SEMILINEAR PROBLEMS

MOHAMMED GUEDDA AND MOKHTAR KIRANE

Abstract. We consider the equation Ah - ^x.Au - -^-¡- + uq = 0 , for q > 1 .

We study the isolated singularities and present a nonlinear technique, and give

a complete classification.

1. Introduction

In this note we study the isolated singularities of the positive solutions of the

following nonlinear equation:

(1.1) Au-l-x.Vu-^— + uq = 0.
2 q - 1

Let Q be an open subset of R^, A > 2, containing 0, £2' = Q\{0} and

q > 1. We are concerned with the following question:

If u £ C2(il') is a positive solution of (1.1) in Q', what can be said about

u(x) and about the equation as |x| —> 0?
It is well known [15] that (1.1) has no nontrivial globally bounded solution for

A=l,2 or A>2, q < jjf±§ except the constant solution u = (■^T)x/{q~x).

If we look for a specific solutions of ( 1.1 ) under the form

u(r) = arß,

then we get

2q   \Y»/(*-iJ
ß =-r    and   a = kN,g = <--A

)}q-\    -     "N'q      U-l V"      4-1

where it is clear that A/v, q only exists when A > 2 and q > -¡^ • It follows by

substitution that u(r) = k^ ,arP is also a solution of the Emden-Fowler equation

(1.2) Aw + wq = 0.

This equation has been intensively studied. When A > 2 two critical values

^2 and $=§ appear. The first studies in the radial case are due to Emden,

then Fowler [3, 5, 6], Brezis and Lions [2] and Lions [22] (see also [18, 1]).

Let us briefly describe our results. We have two cases.
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First case. 1 < q < -¡^ ■ Then any positive solution of ( 1.1 ) in Q' satisfies

the equation -Au+jX.Vu+-zrx-u<1 = a80 in D'(Q) with a > 0. Furthermore

if a = 0, then the "singularity is removable".

Second case, j^ < q < $z§ • Then for any positive radial solution of ( 1.1 )

in fi' we have Limr2/(?_1)w(r) = / 6 {0, kN<a} as r —> 0, where r =\x\. If

/ = 0 and q > 2, the "singularity is removable". Note that if q > j^ , any

solution of ( 1.1 ) satisfies

-Au + \x.S7u + —^-r - u" = 0,     in Z)'(Q).
2 q - 1

2. Main results

Let A > 2 and set fi = BR(0) = {x £ RN, \x\ < R}, R > 0 and Q' =
Í2\{0} . Our main result is the following:

vLo<A" ) 'Theorem 2.1. Assume that u £ Lloc(Q'),

(2.1 ) Au-^x.Vu£ L[oc(Ci'),     in D'(Q'),

(2.2) «>0,        Au - -x.Vw < au + f a.e. in Q,

where a is a nonnegative constant and f £ L[oc(ü.). Then

(2.3) u£LxLoc(Ci),

and there exists h £ L[0C(Q), and a > 0 such that

(2.4) -Au + ^x.Vw = h + aSo    inD'(Q).

For the proof, we use a nonlinear technique introduced by Serrin [23], [24]

and a linear method by H. Brezis and P. L. Lions [2], [22].
The proof is divided into five steps.

Step 1. We claim that
<rr dU

x.Vu = r—
dr

i_ / ^ ii
where x = (r, a), r = \x\.

Proof of the claim. Writing

^7     ( du dr     ^ du dcjj\
x.Vu = >   x,    -7TTT- + >    ö—a '

f-¡     ydrdXi     j^dcjjdXiJ

„ du(r, a)     t^ du sr^    do¡

dr ¿-^ do, ¿-^    dxi
j=\        ]  i=\

as in [17], we have

*&*■    if i<j,
ÖOj

öx7

fin., — J

£- in = 7 + 1,

.0 if / > j + 1,
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where rj = x2 + x2-\-h x2, r2N = r2. Thus

N „

v^ v —7 = n
jr[ 'dx¡

And then

(2.5) x.Vw = 4^.
dr

Step 2. u £ L,'0C(Q). We begin by considering the average

1      Í
u(r) =- /       u(r,a)da,        0<r<R,

where con-X  is the volume of the sphere SN~X .  It follows from (2.1), (2.2)

and (2.5) that

i
(2.6) Aü--rür £L[oc(0,R),        w>0,

(2.7) Au - yür < au + f   on(0,R),

(2.8) -^(rN-xK(r)ür)r<aü + f,    forre (0,7?),

where K(r) = e~rllA . In particular ü £ Cx(0, R).

Let R' < R be fixed. Integrating (2.8) over (r, R') we find as in [2] that

(2.9) u £ L,'0C(Q)

and

(2.10) Ïï(r)<_£_ + C.

Step 3. Let g(x) = -div(A(x)Vw) a.e. in ft, where K(x) = e~W2/4 . Then

g £ L¡0C(Q) and for any cp £ D(Q), 0 < cp < 1 , cp = 1 near x = 0,

(2.11) / gcp2dx<- [ u.div(K(x)Vtp2)dx.
Jii Jo.

Proof of the step 3. From the definition of g we have

(2.12) / gy/dx= i K(x)VuVipdx,
Jq Ja

for any y/ £ Wx •00(f2') with compact support in Q'. Set

( \ if t > 1 + k,

pk(t) = J  t-k    if k<t<\+k,

i 0 if t < k

for any t > 0 and k > 0.
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Let 0 < p < R and s < % . Let cp £ D(£l) be such that 0 < cp < 1, <p = 1 on

Bp = {x £RN, \x\ < p} and ipe = nEcp with nc £ C°°(fi), 0 < n, < 1, n£ =

0 if |x| < e, n£(x) = 1 if |x| > 2e and |Vrç£| < § . We have, from (2.12),

(2.13)

Since

we have

/ g(\ - Pk(u))y/2dx + í K(x)\Vu\2y/¡dx
Ja J{k<u<l+k}

= i (\ -Pk(u))KVuVipe2dx.
Ja

¿(l-/>fc(í))+= («+!-/)+,

k=0

/ g(n+ 1 -u)+y/2dx+ I K(x)\Vu\2y/2 dx
J{u<n+\} J{u<l+n]

< (n + 1 - u)KVuVcp2r\l dx
J{u<n+\]

+ 2 I (n + l-u)K(x)\Vu\>//£\Vr]£\dx.
J {u<\+n}C\Bit

Now for any real h > 0, we have n + 1 - u(x) > n + 1 ̂  a.e. in {w < |±y} .

Thus, dividing by n + 1 and using the Holder inequality, for any ß > 0,

,2

¿+1 / SVÏ + TTZjf K\Vu\2wI
J{«<j^} n + * •/{»<l+"}

r       (      u \ ,7<-í
J{u<l+n

+ ß2 i K(x)\Vu\2y/2 + ß~2 i   K(x)\Vne\2.
J{u<l+n} JB2c

Let/*2 = 27^1) ; then

t4t / gVÏ + ̂ 7-Vñ / *lv"l V£2
h + 1 7{„<j±i} 2(n + 1) y{u<i+„}

* / f1 - "Ti) KVuV(cp2)n2 + 2(n + I)CeN~2.
J{u<l+n} \        n+IJ

From Fatou's Lemma—which is valid since g > -au-f £ L20C(Q)—we deduce

as e-tO,«-» +00, h —> +oo that gcp2 £ Lx(£l) and satisfies (2.11).

Step 4. Now since u £ LX(Q), we can define the distribution

T = - div(KVu) - g   in D'(Q.).

Then as in [2], we have

T=  Y, cPD"â°-
\p\<m

Let y £ D(BR) be any fixed function such that

(-i)\p\Dpy/(Q) = cp   for every |p| < m
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and

ipe(x) = y/ (-) .

Then

(2.14) /   wdiv(AV^) = I  g¥s+ ¿Z ír
Jbr Jbr jp|<m

On the other hand we have

/   udiv(AVy/£)  <-j        udx + CR /    udx
Jbr e   JBRe JBRe

and therefore

/   udiv(KVi¡/£)  < -= /    ür"-xdr + CR       ûrn~x dr.
Jbr e  Jo Jo

We deduce from (2.10) that  | ¡B udiv(KVy/£)\ < C.   Comparing this with

(2.14) we conclude that cp = 0 when \p\ > 1 .
Finally we choose n £ Z)(Q), 0 < n < 1, and n — 1 near x = 0.

We have

(T,n2) = co= I u div(KVn2) - [ gn2,
Ja Ja

and hence Co > 0 from (2.11).

Step 5. The end of the proof of Theorem 2.1.
Let h(x) = g(x)e^/4 a.e. in Q; then h £ L/0C(Q) and -Au + \x.Vu =

h + c080 in D'(Ci).

3. The subcritical case

Now we return to equation (1.1). Let p be the fundamental harmonic func-

tion in R^fO}, A > 2, that is

(3-1) /*(*)= N,N _2)œ   \X\2~N ■

Theorem 3.1. Let A > 2, 1 < q < ■$%.  Let u € C2(Q') be a nonnegative

solution of equation

(3.2) Au - ¡rX.Vu-^— + uq = 0   in Q' = Q\{0}.
2 q - 1

Then

(i) either u can be extended to a smooth solution of (3.2) in Q, or

(ii) there exists a > 0 such that lim^o jfâ = a and u satisfies the equa-

tion

(3.3) -Au + ]-x.Vu + -S-r - u" = a80   in D'(il).

Proof. From (3.2) we have Au - jX.Vu < -^rr ', hence from Theorem 2.1 we

have

-Au + ^x.Vw + -^j - u« = ß8o,        u£ L,'oc(f2), w« e LX0C(Q).
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Moreover equation (3.2) can be written in the form

(3.4) div(AVw) + d(x)u = 0   in Q'

where d(x) = k(x)(uq~x - -^-¡-). Since q < jfzj we can find an e > 0 such

that d £ L¡^(2_£)(£2). We then deduce from [24] that if u is singular at 0 there

exists a constant C > 0 such that

(3.5) Cp <u< -^p   near 0.

As in Guedda-Veron [18], we prove by scaling that there is an a > 0 such that

u(x)
lim —-—- = a ;
*-0 p(x)

we get that

II   ¿\ I' I       |JV-1VT      I      \ & X U Ï I" X
(3.6) hm xr    Vw(x) = ——¿¡,    where £ = hm —
v     ;                x^o1   ' v  ;     NcoN x^o\x\

and then (3.3).

4. The super critical case

We still assume that Q = BR(0) = {x £ RN, \x\ < R} and Q' = Q\{0}. In
this section we present some results concerning the isolated singularities of the

positive solutions of (1.1), that is, of

1 u
(4.1) -AU + -X.VU +---M« = 0   infi',

2 q - 1

wnere

A A + 2 xr     „-—= < q < ——^   and   A > 2.
A-2 A-2

If we look for the solution of (3.2) under the form u(x) = u(\x\) = a\x\P , then

we get

'—rb and a = A»-* = (¿h(N-^¡))""")-

Theorem 4.1. Let N > 2, q > -¡^ . Let u £ C2(Q') be a nonnegative solution

o/(4.1) in D'(Q!). Then we have a = 0 in (3.3), i.e.

-Au + ^x.Vh + -^— - u" = 0   in D'(Q).
2 q-\

Theorem 4.2. Under the assumptions of Theorem 4.1, if

(4.2) u^-V»'2 £ Lxoc(fi),

then u can be extended to Q. as a solution o/(4.1) in Q.

The proofs of Theorems 4.1 and 4.2 are the same as in Guedda and Veron

[18] and they are omitted.
The main result of this section is the following
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Theorem 4.3. Let A > 2 and jf^ < q < ^z§  and u be a positive radial

solution o/(4.1).
Then we have

(i) r2l(q~X)u(r) has a limit I as r -> 0 and I £ {0, kN¡q}.

(ii) If I = 0 and q > 2, then u can be extended to Q as a C2(Q) solution

of (4.1) in Q.

We need the following

Lemma 4.1. Let u be a positive radial solution of (4A) in Q'. Then r2^q~x^u(r)

is bounded as r -+ 0.

Proof. Let

(4.5) t = log{r*),    v(t) = r2l{-',-^u(r),     y = -^— + 2- N > 0;
Q     t

then (4.1) takes the equivalent form

(4.6) y2(v„ + vt) + ^ye~2tlyv, + kv + v" = 0
2.

where k = -^(¿r + 2 - N) < 0. Let

1 -,   , U2 Vq+X
L(t) =-y2v2 + k^r-+-^--,    forre[0,+oo[.

2 2      q + 1

From (4.6) the function L is nonincreasing. Hence for any t0 < t < +oc

,A^ 1   ?  7     ,v2      vq+x       r,   N
(4.7) 2yv'+ÀY + VTi^L{to)-

Hence v is bounded, as q > 1.

Lemma 4.2. Suppose j^j < q < jjz^ ■ Let v be any solution of (4.6).  Then

lim(_+00 vt = 0 a«úf f /zas a ///mí / ai +oo and

(4.8) /(A + /«"1) = 0.

Proof. Using (4.6), (4.7) and Lemma 4.1 we have

(4.9) v , v,, vtl and vm are bounded.

Hence vt £ L2(to, +oc). This implies vtt £ L2(t0, +oo).

It follows from this and (4.9) that

lim vt =  lim y,, = 0.
t—*+oo t—*+oo

For any t > x > to , we have

\v(t) - v(x)\ < ||Uf||L2(<0i+oo)VC - T) '

and hence v has a limit / at +oo . From (4.6) we get (4.8).

Proof of Theorem 4.3. From Lemmas 4.1 and 4.2 /•2/(i~1)u(/-) has a limit /
where / = 0 or kN>q .

Let v be as in (4.5). Assume that / = 0. The proof of (ii) is divided into

two steps.
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Step 1. Assume v decreases to 0 as t tends to +oo ; then

(4.10) v(t)<Ce-',

for t > 0 and some C > 0. In fact, from (4.6) we have

f+oc 1

(4
f °° 1

11) 72(v, + v)= -ye~2l/rvs + kv+ vq ds.

Since v and v, are bounded, ca(t) = \ye~2'lyvs + kv + vq is integrable; then

kv + vq is integrable and then v is integrable. Since v, < 0 and k < 0, we

have
/+oo /-+00

vq ds < vq~x /      «í/í;

then

(4.12) Vt + v < Cvq~x ,     for / large,

which implies, if q > 2, (4.10). Moreover, Theorem 4.2 implies that if v

satisfies (4.10), then u can be extended to Q as a regular solution of (1.1) in

Q.
A/e/7 2. Assume that v is not asymptotically monotone. Then there exists a

sequence {/„} such that v,(t„) = 0, i>(/2«) is local minimum and v(t2n+X) is

local maximum, and (from the equation)

0<v(t2n) <kNiij <v(t2n+x)

which is not possible since lim,^+00 v(t) = 0, which ends the proof.
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